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a b s t r a c t
Thework presents a derivation of approximate analytical solutions of high-order boundary
value problems using the variational iteration method. The solution procedure is simple
and the obtained results are of high accuracy. Some examples are given to elucidate the
effectiveness and convenience of the method.
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1. Introduction
Recently, there has been much interest in higher-order boundary value problems arising in various engineering
applications [1,2]. Numerical method is a useful tool for various boundary value problems [3–5]. B-spline method [1] and
the sextic spline method [2] have been successfully applied to various fifth-order boundary value problems. The analytical
analysis literature, however, contains little on the solution of boundary value problems [6–9], though there are many newly
developed analytical methods such as the homotopy perturbationmethod [6], the exp-functionmethod [10], the variational
method [11–15], and others. A complete review on those methods is available in Ref. [13]. In this paper we will apply a
powerful analytical method called the variational iteration method [12] to the discussed problem.
2. Fifth-order boundary value problem
In order to illustrate the solution procedure of the variational iteration method for fifth-order boundary value problem,
we first consider the following example.
Example 1.
y(5)(x)− y(x) = −(15+ 10x)ex, 0 ≤ x ≤ 1, (1)
with boundary conditions
y(0) = y(1) = 0, y(1)(0) = 1, y(1)(1) = −e, y(2)(0) = 0. (2)
Its exact solution reads [1]
y(x) = x(1− x)ex.
According to the variational iteration method [11–15], we can construct the following correction functional
yk+1(x) = yk(x)+
∫ x
0
λ{y(5)k (s)− yk(s)+ (15+ 10s)es}ds (3)
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Table 1
Comparison of the approximate solution, Eq. (6), with exact ones.
yex yapp y′ex y′app y′′ex y′′app
0 0 0 1 1 0 0
0.1 0.09947 0.09947 0.9836 0.9836 −0.3426 −0.34256
0.2 0.19542 0.19543 0.92827 0.92827 −0.7817 −0.78164
0.3 0.28347 0.28347 0.82341 0.82343 −1.33636 −1.33631
0.4 0.35804 0.35804 0.6564 0.65642 −2.02888 −2.02885
0.5 0.41218 0.41218 0.41218 0.4122 −2.88526 −2.88527
0.6 0.43731 0.43732 0.07288 0.0729 −3.93578 −3.93585
0.7 0.42289 0.42289 −0.38261 −0.38261 −5.21562 −5.21576
0.8 0.35609 0.3561 −0.97924 −0.97925 −6.76565 −6.76585
0.9 0.22136 0.22137 −1.74632 −1.74635 −8.63321 −8.63343
1.0 0 −2.77556E−17 −2.71828 −2.71834 −10.87313 −10.87324
y′′′ex y′′′app y
(4)
ex y
(4)
app y
(5)
ex y
(5)
app
0 −3 −2.9995 −8 −8.00212 −15 −15
0.1 −3.87915 −3.87886 −9.62604 −9.62816 −17.58327 −17.58327
0.2 −4.93447 −4.93439 −11.53004 −11.53217 −20.56842 −20.56838
0.3 −6.19585 −6.19599 −13.75506 −13.75717 −24.01399 −24.01366
0.4 −7.69782 −7.69816 −16.3504 −16.35243 −27.98663 −27.9852
0.5 −9.48015 −9.48068 −19.37248 −19.37423 −32.56224 −32.55775
0.6 −11.58868 −11.58935 −22.88581 −22.88682 −37.82719 −37.81569
0.7 −14.07613 −14.07683 −26.96415 −26.96337 −43.87967 −43.85408
0.8 −17.00313 −17.00359 −31.6917 −31.6872 −50.83136 −50.77997
0.9 −20.4393 −20.43899 −37.1646 −37.15295 −58.80911 −58.71367
1.0 −24.46454 −24.46247 −43.49251 −43.46801 −67.95705 −67.79038
where λ is a general Lagrange multiplier which can be identified via variational theory [11,12]. After identification of the
multiplier, we obtain the following iteration formulation
yk+1(x) = yk(x)−
∫ x
0
1
24
(s− x)4{y(5)k (s)− yk(s)+ (15+ 10s)es}ds. (4)
Identification procedure was systematically illustrated in Refs. [11,12], applications of the variational iteration method can
be found in detail in Refs. [11–15].
We begin with
y0(x) = a0 + a1x+ a2x2 + a3x3 + a4x4 (5)
where ai are unknown constants to be further determined.
By the iteration formulation Eq. (4) and the use of a mathematical software, we obtain the following first-order
approximate solution
y1(x) = (a0 − 35)+ (a1 − 25)x+
(
a2 − 152
)
x2 +
(
a3 − 56
)
x3 +
(
a4 + 524
)
x4
+ a0x
5
120
+ a1x
6
720
+ a2x
7
2520
+ a3x
8
6720
+ a4x
9
15120
− 10xex + 35ex. (6)
Incorporating the boundary conditions, Eq. (2), into y1(x), we can determine the values of the unknown constants as follows
a0 = 0, a1 = 1, a2 = 0, a3 = −0.499916269, a4 = −0.333421886. (7)
Comparison of our result, Eq. (6), with the exact solution reveals that the first-order approximate solution is of remarkable
accuracy, see Fig. 1. Furthermore, its slope and higher derivatives are also extraordinarily accurate, see Table 1.
Example 2. Consider the following fifth-order boundary value problem [1]:
y(5)(x)+ xy(x) = 19x cos(x)+ 2x3 cos(x)+ 41 sin(x)− 2x2 sin(x), −1 ≤ x ≤ 1, (8)
with boundary conditions
y(−1) = y(1) = cos(1), y(1)(−1) = −y(1)(1) = −4 cos(1)+ sin(1), y(2)(−1) = 3 cos(1)− 8 sin(1). (9)
Its exact solution is y(x) = (2x2 − 1) cos(x).
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Table 2
Comparison of the approximate solution, Eq. (10), with exact ones.
yex yapp y′ex y′app y′′ex y′′app
−1 0.5403 0.5403 −1.31974 −1.31974 −5.11086 −5.11086
−0.9 0.3854 0.3854 −1.75213 −1.75214 −3.53891 −3.53896
−0.8 0.19508 0.19507 −2.0286 −2.02861 −1.99933 −1.99938
−0.7 −0.0153 −0.0153 −2.15444 −2.15445 −0.53295 −0.53298
−0.6 −0.23109 −0.2311 −2.1389 −2.13892 0.82215 0.82214
−0.5 −0.43879 −0.4388 −1.99488 −1.99489 2.03142 2.03142
−0.4 −0.62632 −0.62633 −1.7385 −1.73852 3.06443 3.06444
−0.3 −0.78338 −0.78338 −1.38873 −1.38874 3.89547 3.8955
−0.2 −0.90166 −0.90167 −0.96683 −0.96684 4.50406 4.50409
−0.1 −0.9751 −0.97511 −0.49584 −0.49584 4.87525 4.8753
0 −1 −1.00001 7.45058E−8 8.52334E−8 5 5.00004
0.1 −0.9751 −0.97511 0.49584 0.49584 4.87525 4.8753
0.2 −0.90166 −0.90167 0.96683 0.96684 4.50406 4.50409
0.3 −0.78338 −0.78338 1.38873 1.38874 3.89547 3.8955
0.4 −0.62632 −0.62633 1.7385 1.73852 3.06443 3.06444
0.5 −0.43879 −0.4388 1.99488 1.99489 2.03142 2.03142
0.6 −0.23109 −0.2311 2.1389 2.13892 0.82215 0.82214
0.7 −0.0153 −0.0153 2.15444 2.15446 −0.53295 −0.53299
0.8 0.19508 0.19507 2.0286 2.02861 −1.99933 −1.99938
0.9 0.3854 0.3854 1.75213 1.75214 −3.53891 −3.53896
1.0 0.5403 0.5403 1.31974 1.31974 −5.11086 −5.11086
y′′′ex y′′′app y
(4)
ex y
(4)
app y
(5)
ex y
(5)
app
−1 15.73981 15.73897 1.03658 1.04658 −43.62342 −43.70538
−0.9 15.62765 15.62749 −3.25333 −3.24919 −42.03639 −42.07584
−0.8 15.0958 15.0959 −7.34372 −7.34229 −39.64069 −39.65809
−0.7 14.16817 14.16834 −11.15627 −11.15598 −36.48938 −36.49625
−0.6 12.87623 12.87641 −14.61858 −14.61872 −32.64783 −32.65017
−0.5 11.25831 11.25847 −17.66537 −17.66564 −28.19256 −28.19322
−0.4 9.35892 9.35904 −20.23951 −20.23981 −23.21002 −23.21017
−0.3 7.22778 7.22788 −22.29296 −22.29327 −17.79515 −17.79517
−0.2 4.91897 4.91903 −23.78752 −23.78784 −12.04982 −12.04982
−0.1 2.48984 2.48987 −24.69547 −24.69579 −6.08118 −6.08118
0 −3.72529E−7 −4.36874E−7 −25 −25.00032 9.08971E−7 9.08971E−7
0.1 −2.48984 −2.48988 −24.69547 −24.69579 6.08118 6.08118
0.2 −4.91897 −4.91903 −23.78752 −23.78784 12.04982 12.04982
0.3 −7.22778 −7.22788 −22.29296 −22.29327 17.79515 17.79518
0.4 −9.35892 −9.35905 −20.23951 −20.23981 23.21003 23.21017
0.5 −11.25831 −11.25847 −17.66537 −17.66564 28.19256 28.19322
0.6 −12.87623 −12.87641 −14.61858 −14.61872 32.64783 32.65017
0.7 −14.16817 −14.16835 −11.15627 −11.15598 36.48938 36.49625
0.8 −15.0958 −15.0959 −7.34372 −7.34229 39.64069 39.65809
0.9 −15.62765 −15.62749 −3.25333 −3.24918 42.03639 42.07584
1.0 −15.73981 −15.73897 1.03658 1.04658 43.62342 43.70538
By the same manipulation as illustrated before, we can obtain the following approximate solution:
y1(x) = (a0 + 426)+ a1x+ (a2 − 64)x2 + a3x3 +
(
a4 + 1912
)
x4 − a0x
6
720
− a1x
7
2520
− a2x
8
6720
− a3x
9
15120
− a4x
10
30240
− 426 cos(x)− 181x sin(x)+ 32x2 cos(x)+ 2x3 sin(x) (10)
where the constants ai can be determined by incorporating the boundary conditions, Eq. (9):
a0 = −1.00001, a1 = 1.07269× 10−8, a2 = 2.50002, a3 = 1.07234× 10−8, a4 = −1.04168.(11)
Comparison of our result, Eq. (10), with the exact solution reveals high accuracy of the first-order approximate solution, see
Fig. 2. Table 2 also shows the extraordinary accuracy of its slope and its higher-order derivatives.
3. Conclusions
The variational iteration method, which is proved to be a powerful mathematical tool to the search for approximate
analytical solutions of boundary value problems, can be easily extended to high-order linear or nonlinear boundary value
problems, and the present paper illustrates the application of the method to high-order boundary value problems in
searching for approximate solutions with high accuracy, generally first-order approximate solutions are of a high accuracy.
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Fig. 1. Comparison of the approximate solution of Example 1 with the exact one.
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Fig. 2. Comparison of the approximate solution of Example 2 with the exact one.
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